A position dependent atom-atom entanglement in real-time Cavity QED system 
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We study a special two-atom entanglement case in assumed Cavity QED experiment in which only one atom 
effectively exchanges a single photon with a cavity mode. We compute diatom entanglement under position- 
dependent atòmic resonant dipole-dipole interaction (RDDI) for large interatomic separation limit. We show 
that the RDDI, even which is much smaller than the maximal atòmic Rabi frequency, can induce distinct diatom 
entanglement. The peak entanglement (PE) reaches a maximum when RDDI strength can compare with the 
Rabi frequency of an atom. 
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INTRODUCTION 



Recently, generation of entanglement in Cavity QED sys- 
tem has been intensely paid attention to because of the mo- 
tivations in the potential applications in quantum information 
and computation processing |4, 5]. The realization of 
atòmic entangled states in Cavity QED turns out to be feasi- 
ble and fascinating since the experimental realization of sin- 
gle cold àtoms in real-time Cavity QED |6]. A number of 
schemes of generating entanglement between cold àtoms have 
been put forward to realize quantum teleportation 0, [H U 
and swapping In current investigated cold-atom 

schemes, àtoms are trapped in optical cavities or magneto- 
optical traps (MOT) so that they can be connected through ex- 
changing single photons with cavity (in the large interatomic 
separation regime) 1121 Il3l 1 1 411 or through resonant dipole- 
dipole interaction (RDDI) (in the small interatomic separation 
regime) fÏ5l[ïr3l . and then be strongly entangled at a special in- 
teracting time. Furthermore, in case of weak atom-field cou- 
pling and large detuning between atòmic transition and cav- 
ity frequency, even in the large interatomic separation regime, 
the Rabi oscillation of atom-field can be effectively treated 
as atòmic RDDI which can certainly induce diatom entangle- 
ment |17|]. So, in an assumed optical cavity, the atòmic en- 
tangled states are generated from the collective contribution 
of Rabi coupling (RC) and RDDI. The competition between 
them leads to our optimal choice of the effective model. It has 
been demonstrated that, in case of diatom scheme, the asym- 
metric atom-field position-dependent RC (gi + g2 with gip) 
the Rabi freqüències) depresses the fidelity of the maximal en- 
tanglement (ME)| 12]. In fact, if maximally asymmetric atom- 
field RC (MARC) emerges, as 4^ = 0, Rabi frequency can 

s i + s 2 

never induce any atòmic entanglement. While, under this cir- 
cumstance, if we involve the RDDI between àtoms, the en- 
tanglement situation can be different even when the RDDI is 
weak enough. In this paper, we investigate such an assumed 
experimental situation. We will show how to generate MARC 
in a Cavity QED system and what is the diatom entanglement 
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FIG. 1 : Schematic diagram for proposed model. One atom is trapped in an 
optical cavity, the other is located not far away beside the former. 

under various competition between RC and RDDI in it. 

MODEL DESCRIPTION 

Here we consider a system constituted by two-level cold 
àtoms 1 and 2 that couple to a single mode electromagnètic 
cavity field which is assumed to be a Gaussian mode profile, 
as is shown in Fig. 1. The whole experimental apparatus is 
described as follow: Two super-polished spherical mirrors of 
radius of curvature Icm constructed a cavity of length lum 
with cavity waist wq ~ \pmi. In this cavity, the maximum 
atom-field coupling coefficient that only occurs at an antinode 
of the cavity field mode is go ^ AQQMHz- We choose two 
atòmic levels are 6S 1/2 and 6P3/2 of Cesium àtoms with cor- 
responding transition wavelength A = 850nm. We denote the 
interatomic separation as R and the wave vector of the atòmic 
emitted photon as kç>. 

In the rotating-wave approximation (RWA), and in the in- 
teraction picture in case of resonant coupling, the Hamiltonian 
governing this system reads 

H^YjSiia^ +h.c.) + r{(r\(r- 2 +h.c) (1) 
i 

where crj, cr 2 , cr± and cr* are spin operators and raising (low- 
ering) operators of atom 1 and 2 respectively, a + (a) is the 
creation (annihilation) operator of field, g\ (#2) is the cou- 
pling strength of atom 1 (2) to field respectively, while T is 



2 



the coefficient of atom-atom RDDI which is included when 
the interatomic separation R is not much two large Il5lll6ll . It 
has been noted that both g, and F are position-dependent vari- 
ables for Cavity QED theoretically and experimentally. So 
that g(r) = güCos(2nx/À)exp[-(y 2 + z 2 )lw\} JH], w is the 
length of the cavity waist, and F has a complicated form that 
depends on i, jp, and The completely solving of such a 
system is possible but complicated. Here we consider a phys- 
ically possible and feasible circumstance, where two àtoms 
enter the cavity in turn, the separation between them is in the 
order of cavity waist. We also assume the atòmic velocity 
is much small so that the typical atòmic trànsit time scale is 
much larger than the interacting time scale. So the Hamil- 
tonian in Equ. (1) is time-independent. The solving of this 
circumstance is much more simply and neatly. We assume 
atom 2 is located in a position about x 2 - -5wo, atom 1 is 
trapped in the region not far from the antinode of the field, 
so that -2wq < x\ < 2wq. As a result, g2 ~ 10 
approximation leads to a MARC Hamiltonian 



-10, 



This 



H = g\{acr\ + h.c.) + Y(p~\<T2 + h.c) 



(2) 



In the invariant sub-space of the global system, for the sys- 
tem of only a single photon shared by atom pairs and cavity 
field, the Hamiltonian can be written on a set of complete ba- 
sis \g,g, 1), |e,g,0>, \g,e,0) as 



H = 



gi 
gx 

r 



\ 
r 

j 



(3) 



The eigenvalues of this Hamiltonian can be obtained as 



E\ = 0, £2,3 = ±gi Vl + T 2 ' where y 
ing eigenvectors are obtained as 



jr- The correspond- 



\<Pi)=^\y\g,gA) + \g,e,Q)} 

h,s) = &,3[-IS.S»l> + \g,e,0) 
7 



e,g,0)] 




(4) 



with the normalized factor. The first eigenstate \<pi) with 
corresponding zero eigenvalue , describing atom one fixed on 
its ground state, can be seen as a "dark state". 

For a given initial state |(A(0)) of system, we can obtain the 
evolved dressed state \ijf(t)) of system which can be expanded 
as a superposition of eigenstates \<pi) 



\i/,(t))=Y J c i (t)\<t> i ) 



(5) 



The coefficients C,(f) are obtained by solving Schròdinger 
Equation, so that C,(?) = Ci(0)e~ iEi ' /h with C ; (0) determined 
by initial conditions. After a sub-Doppler and evaporating 
cooling suffering, atom 2 are reasonably on their ground state, 
i.e. 6S 1/2. While, atom 1 might in a superposition of its 
ground state and excited state due to the strong correlation 



between it and cavity field. The resulting initial system state 
is |i/r(0)> = \g) 2 ® (a \g) l |1) + B\e) x |0». The system state is 
then given by 



\iff(t)) = (-fia - vB) |0!> + [Qia + vj3)/2 
iE »\cf> 2 } + ( l· ia + vl3)/2e- iE >· |0 3 > 



--yP\e 



(6) 



where fi 



(l+7> 



> V = 



7 



(1+7)2 



The reduced density matrix of diatom is obtained by trac- 
ing over the field variables of system density matrix p(f) = 
|i/r(í)> (ifr(t)\, that is patomif) = Tr f p(t) = Z(n\p(t)\n). From 

n 

Equ. (6), the atòmic density matrix is 



Patomif) — 



(D 0^ 

B E 

E C 

0] 



(7) 



where E - B * C. The off-diagonal element E describing 
the correlation between atòmic transition |e)i(2) — > \g)u2) an d 
l^)2(i) — * l e )2(i) represents the strength of the entangled state 
for two àtoms. In the next section, we will discuss the entan- 
glement induced by the RDDI between àtoms. 



DIATOM ENTANGLEMENT NATURE UNDER CAVITY 
FIELD 

Wootters Concurrence, which has been proved to be effec- 
tive in measuring the entanglement of two qubits, is defined 
as0 



C(p) = max{0, X\ — Az — A3 — A4}, 



(8) 



where Aj are four non-negative square roots of the eigenvalues 
of the non-Hermitian matrix p(cr v (8>cr,,)p*(cr,,(8>cr v ) in decreas- 
ing order. In dealing with this model, the Concurrence is sim- 
ply determined by several density matrix elements since most 
of the off-diagonal elements are eliminated due to the adia- 
batic evolution. In our case, the Concurrence can be proved to 
be exactly twice the absolute none-zero off-diagonal element 
as C(p(t)) = 2\E(t)\. 

For large interatomic separation R, which corresponding 
the far-zone case with RIcq ~ 10 2 » 1, the dipole-dipole in- 
teraction strength can be estimated as F ~ ^0^/^ 1151 EoTl . 
where c is light velocity, üq is the atòmic excited state radius. 
This emerges the limit of the RDDI strength as T ~ 10 5 Hz < 
10~ 2 gi. Our further assumption is the atom that earlier enters 
the cavity is now also in its ground state, i.e. B — in Equ. 6. 
(Certainly, this assumption leads to the half possibility of the 
successively entangling two àtoms.) 

The diatom entanglement shows two-peak split struc- 
ture. Each peak corresponds to a PE which occurs at t — 

(3 '"? 1)7r J with m = 1, 3, 5 ■ ■ • (see Fig. 2). The increase of 

Vr+r 2 

time leads to an entanglement period that depends on the Rabi 
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FIG. 2: The evolution of diatom entanglement versus time, where the loca- 
tion of atom 1 is X\ = -2wq 



0.030 




1 x\ (in unit of cavity waist wq). 



FIG 4: The period of PE (in unit of inverse of go) versus the location of 
atom 1 (in unit of cavity waist wn). 




FIG. 5 : The evolution of diatom entanglement versus time and the location 
of atom 1 (in unit of cavity waist h>o). 



frequency of àtoms and RDDI strength. Both the amount and 
period of PE are position-dependent. When the initial location 
of atom 1 departs from atom 2 gradually, they decay exponen- 
tially and fall to their minimum at the center of the cavity, 
see Fig. 3 and Fig. 4. These can be understood since Rabi 
frequency increases exponentially in this process and reaches 
its maximum at the center of the cavity, while RDDI strength 
decreases polynomially. Similarly, as the initial location of 
atom 1 increases along x axis gradually from the center of 
cavity, the amount and period of PE can be recovered since 
Rabi frequency decreases now. 

In fact, from Equ. (6) we can see that, the amplitude of 
the entanglement is only determined by the ratio of RDDI and 
Rabi frequency of atom 1. In the region of wç> < \xi\ < 2wq, 
the ratio (namely y) is in the order of 10~ 3 . In this region, the 
effect of RDDI can not be neglected since the PE is distinct, 
even the interatomic separation can approach 7wq. 

While, in the region of < wq (which corresponds to 
a fast-oscillating regime), the coupling between atom 1 and 
cavity field is so much strong that the ratio y » 0. The Hamil- 
tonian in Equ. (2) can be adiabatically written as 

2 V2r 2 

H e ff = g\(acr\ + h.c.) + (cr!crjcr 2 - o\u\(T l ) (9) 

The system described by this Hamiltonian can never generate 
entanglement since the diatom coupling part in Equ. (9) is 
diagonalized. 

In order to give an overall description of the diatom entan- 



glement, we mesh the concurrence under the position of atom 
1 and time in Fig. 5. From this figure, we can clearly get the 
hint of two-peak split structure and the period of PE. 

All the results reveal that, in the weak Rabi coupling region, 
the amount and the period of PE is larger than that in other 
region. Since the participation of atom-field interaction results 
in diatom mixed state which can not be an exactly Bell-state, 
the quality and quantity of PE is strongly depressed. 



CONCLUSION 

We investigate a diatom entanglement case for maximally 
asymmetric Rabi coupling in Cavity QED. The characterized 
apparatus parameters are constituted for experimental Opti- 
cal Cavity. The entanglement situation can be analyzed bases 
on the ratio of position-dependent RDDI strength and Rabi 
frequency of atom 1. We concretely point out the ampli- 
tude (which is a two-peak split structure) and the period of 
the entanglement in two regions. In the region of relati ve 
large ratio, where the RDDI strength can be in the order much 
larger than 10 _3 g, diatom entanglement can be distinctly gen- 
erated. We do not involve the motion of center-of-mass of 
two àtoms. While, if the atòmic velocity is large enough and 
the typical trànsit time scale can compare with the interact- 
ing time scale of the system, the effect of the motion on the 
entanglement must be included. And the Hamiltonian will be 
time-dependent one. Additionally, our MARC approximation 
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should be still effective for wider initial location of atom 1. 
Even if atom 1 is initially located at :ti(0) = ±3wo, where the 
RDDI strength would be in the same order of Rabi frequency 
and the ratio y can approach 1 .2, the validity of this approxi- 
mation keeps well since g\ ~ T ~ 10 7 g2- It should be pointed 
out that, actually, an underlying trouble for the fidelity of the 
results here may be the cavity dissipation and the atòmic spon- 
taneous emission that can lead to an exponential decay to the 
excited state population. But, in consideration of the high-Q 
regime of the cavity and the fact of cavity compressing atòmic 
spontaneous emission for not two large interatomic separation 
1211 , in a short-time range of the evolution, the trouble may be 
faint and nonsignificant. 
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